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1. Introduction
A Banach space X is said to be weakly compactly generated (WCG for short), if X is the closed linear span of a weakly
compact set K ⊂ X . The class of WCG spaces has been intensively studied during the last thirty years and now is in the core
of modern Banach space theory (see e.g. [4]). One of most intriguing facts concerning this class is that being a WCG space
is not a hereditary property: assuming the continuum hypothesis, Rosenthal showed in [10] the existence of a nonseparable
Banach space which is a subspace of a WCG space (namely, a subspace of L1(Ω,Σ,μ) for some measure space (Ω,Σ,μ)
with a ﬁnite measure μ) and does not contain any nonseparable weakly compact set. Some more counterexamples related
to the heredity problem for WCG spaces have been provided recently by Argyros and Mercourakis [2].
The problem of ﬁnding conditions that ensure the existence of nonseparable weakly compact sets in a nonseparable
Banach space naturally arises in connection with differentiability questions. In [7, Corollary 1.3], Godefroy proved that
a nonseparable Asplund space X (in particular, a Banach space with an equivalent Fréchet differentiable norm) contains
a nonseparable weakly compact set if the weak star topology on X∗ is nonseparable. Some suﬃcient conditions for a sub-
space of a WCG space to be WCG itself in terms of Fréchet smooth renormings, were previously established by John and
Zizler [8] (see e.g. [11, Theorem 20.6]).
In this note, we prove a necessary and suﬃcient condition for a Banach space to contain a nonseparable weakly compact
set, involving the notion of K -smoothness, a weakness of Fréchet smoothness recently studied in [5]. It turns out that this
condition also characterizes the class of Banach spaces which have a relatively weakly compact transﬁnite basic sequence.
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S. Lajara / Topology and its Applications 155 (2008) 1430–1433 1431Let us recall some deﬁnitions and terminology. Let X be a real Banach space and ξ be a transﬁnite cardinal number.
A set {xα}α<ξ ⊂ X is called a transﬁnite Schauder basis of X (of type ξ ) if, for every x ∈ X there exists a unique set of scalars
{λα}α<ξ such that
x =
∑
α<ξ
λαxα.
The right side member of this equality is understood in the sense of the sum of a transﬁnite series. Recall that a transﬁnite
series
∑
λ<ξ yα in X is said to converge to an element y ∈ X if there is a (unique) continuous function S : [0, ξ ] → X such
that S(0) = 0, S(ξ) = y and S(α + 1) = S(α) + yα for each α < ξ .
The set {xα}α<ξ is called a transﬁnite basic sequence of X if it is a transﬁnite Schauder basis for some closed subspace
of X . We refer to [11, Chapter III.17] for some characterizations of this concept, as well as for the deﬁnition of monotone
transﬁnite basic sequence.
Let K be a bounded subset of X . The space X (or its norm ‖ · ‖) is said to be K-smooth at a point x ∈ X if
lim
t↓0
1
t
sup
{‖x+ tk‖ + ‖x− tk‖ − 2‖x‖: k ∈ K}= 0.
The norm ‖ · ‖ is said to be K -smooth if it is K -smooth at every x ∈ X \ {0}. When K = BX we recapture the notion of
Fréchet differentiability. Note also that the norm ‖ · ‖ is Gâteaux smooth if, and only if, it is {k}-smooth for every k ∈ BX .
As an easy application of [5, Theorem 1] we get that Rosenthal’s space, mentioned before, does not have an equivalent K -
smooth renorming, for any bounded nonseparable subset K of this space. However, it admits an equivalent Gâteaux smooth
norm (being the subspace of a WCG space).
As usual, the topology on X∗ of pointwise convergence on K is denoted by σ(X∗, K ). The symbol σ(X∗, K )-dens(X∗)
stands for the σ(X∗, K )-density character of X∗ , i.e., the minimal cardinality of a σ(X∗, K )-dense subset of X∗ . The closed
linear span, the convex hull and the cardinality of the set K are denoted, respectively, by [K ], co(K ) and #K .
We refer to [4,6,12] for some unexplained notions like locally uniformly convex norm and projectional resolution of the
identity, and to [5] for the concept of K -locally uniformly convex dual norm.
2. The results
The main result of this note reads as follows.
Theorem 1. For a nonseparable Banach space X the following assertions are equivalent:
(a) X has an equivalent K -smooth norm, for some nonseparable absolutely convex set K ⊂ X such that σ([K ]∗, K )-dens([K ]∗) > ℵ0;
(b) X contains a relatively weakly compact transﬁnite basic sequence;
(c) X contains a nonseparable weakly compact set.
Proof. Only the implications (a) ⇒ (b) and (c) ⇒ (a) require proof. We start by proving that (a) implies (b). Let ‖ · ‖
denote an equivalent K -smooth norm on X and let ξ = σ([K ]∗, K )-dens([K ]∗). We shall construct by transﬁnite induction
a ‖ · ‖-monotone transﬁnite Schauder basic sequence {xα}α<ξ on X such that xα ∈ K for each α < ξ .
Pick arbitrarily an element x1 ∈ K \ {0}. Let α < ξ and assume that we have found a set {xβ}β<α ⊂ K \ {0} which is
a ‖ · ‖-monotone transﬁnite basis of the space [{xβ}β<α]. Proceeding as in the proof of [3, Proposition 1] we can construct
a set Bα ⊂ S X∗ such that Bα is 1-norming for the space [{xβ}β<α], and
#(Bα) α < ξ.
From the above inequality it follows the existence of a non-zero vector xα ∈ K such that f (xα) = 0 for each f ∈ Bα . Indeed,
assuming the contrary, for every x ∈ K \{0} we can ﬁnd a functional fx ∈ Bα such that fx(x) 
= 0. So, Bα separates the points
of K , and therefore, #(Bα) ξ , a contradiction.
Now, let x ∈ [{xβ}β<α]. Then, for each f ∈ Bα and each r ∈ R we have ‖x+ rxα‖ f (x+ rxα) = f (x). Since the set Bα is
1-norming for the space [{xβ}β<α] we get ‖x+ rxα‖ ‖x‖. By [11, Theorem III.17.8], it follows that the set {xα}α<ξ is a ‖ · ‖-
monotone transﬁnite Schauder basis of the space Y := [{xα}α<ξ ]. Thus (see e.g. [3, Proposition 1]), there is a projectional
resolution of the identity {Pα}0αξ on (Y ,‖ · ‖) such that
Pα(xβ) = xβ if β  α, and Pα(xβ) = 0 otherwise. (1)
Now, we will show that the set L = {xα}α<ξ is relatively weakly compact. To prove this, it is enough to show that if {αn}n
is a strictly increasing sequence in [0, ξ), the sequence {xαn }n converges to 0 in the weak topology of Y .
Let α = sup{αn: n ∈ N}, and ﬁx f ∈ Y ∗ . We claim that
limsup
{∣∣(P∗αm f − P∗α f
)
(xαn )
∣∣: n ∈ N}= 0. (2)
m
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‖P∗α f ‖. On the other hand, by the properties of the projectional resolutions of the identity it follows that the sequence{P∗αn f (x)}n converges to P∗α f (x) = ‖P∗α f ‖, and ‖P∗αn f ‖ ‖P∗α f ‖, for each n ∈ N. As the space (Y ,‖ · ‖) is L-smooth at the
point x, applying [5, Proposition 2] we deduce (2).
Now, ﬁx 	 > 0. By (2) there is m ∈ N such that |(P∗αm f − P∗α f )(xαn )| < 	 for all n ∈ N. Because of (1) for every n >m we
have P∗αm f (xαn ) = f (Pαmxαn ) = 0. Therefore,
∣∣P∗α f (xαn )
∣∣= ∣∣P∗α f (xαn ) − P∗αm f (xαn )
∣∣< 	.
Since α > αn , using again (1) we get P∗α f (xαn ) = f (Pαxαn ) = f (xαn ). Thus, from the above inequality it follows that| f (xαn )| < 	 for every n >m, and the sequence { f (xαn )}n converges to 0, as we wanted to show.
It remains to prove the implication (c) ⇒ (a). Let L be a weakly compact nonseparable set in X , and let Y := [L]. By
Krein’s Theorem, we can and do assume that L is absolutely convex. According to [9, Corollary 1] and [1, Proposition 2],
there exists a set Γ ⊂ L such that Γ is total in Y , and
{
f (γ )
}
γ∈Γ ∈ c0(Γ ), for all f ∈ X∗. (3)
In particular, the formula T f = { f (γ )}γ∈Γ deﬁnes a bounded linear operator from X∗ into c0(Γ ), which is weak∗–weak
continuous.
We will show that the set K = co(Γ ) has the desired properties.
Let | · | and ||| · ||| denote, respectively, the norm of X∗ and an equivalent locally uniformly convex norm in c0(Γ ), and
deﬁne, for each f ∈ X∗ ,
‖ f ‖2 = | f |2 + |||T f |||2.
It is clear that ‖ · ‖ is an equivalent norm on X∗ . Since the operator T is weak∗-weak continuous it follows that ‖ · ‖ is the
dual norm of an equivalent norm on X .
Now, we shall prove that ‖ · ‖ is Γ -locally uniformly convex. Let fn, f ∈ X∗ such that limn(2‖ fn‖2 + 2‖ f ‖2 − ‖ fn +
f ‖2) = 0. Using a convexity argument we get
lim
n
(
2|||T fn|||2 + 2|||T f |||2 − |||T fn + T f |||2
)= 0.
Since the norm ||| · ||| is locally uniformly convex we have limn |||T fn − T f ||| = 0, and bearing in mind that the norm ||| · ||| is
equivalent to the sup norm of c0(Γ ) it follows that
lim
n
sup
{∣∣T fn(γ ) − T f (γ )
∣∣: γ ∈ Γ }= 0.
Since K ⊂ L we get that ‖ · ‖ is K -locally uniformly convex, and thanks to [5, Proposition 2], it follows the existence of an
equivalent K -smooth norm on X .
To ﬁnish, we show that σ([K ]∗, K )-dens([K ]∗) > ℵ0. Let D be a σ([K ]∗, K )-dense subset of [K ]∗ such that #D =
σ([K ]∗, K ) − dens([K ]∗). Pick γ ∈ Γ \ {0}. Since Γ ⊂ K , and D separates the points of K , there exists f ∈ D such that
f (γ ) 
= 0. Thus,
Γ \ {0} =
⋃
f ∈D
{
γ ∈ Γ : f (γ ) 
= 0}.
On the other hand, by (3) we have
#
{
γ ∈ Γ : f (γ ) 
= 0} ℵ0, for all f ∈ X∗.
Consequently,
#D  #Γ = dens(Y ) > ℵ0. 
As an immediate consequence of the above theorem we get the following corollary, which is related with [3, Theorem 1].
Corollary 1. Every nonseparable WCG space contains a relatively weakly compact transﬁnite basic sequence.
The proof of the implication (a) ⇒ (b) in Theorem 1 also leads to the following result, which shows an additional
property of the subsets of a nonseparable Banach space that satisfy condition (a).
Corollary 2. Let X be a nonseparable Banach space and K be a nonseparable absolutely convex subset of X such that σ([K ]∗, K )-
dens([K ]∗) > ℵ0 . If X admits an equivalent K -smooth norm, then there exists an uncountable set Γ ⊂ K which is weakly discrete and
relatively weakly compact.
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